Energy-time entanglement of quasi-particles in solid-state devices 
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We present a proposal for the experimental observation of energy-time entanglement of quasi- 
particles in mesoscopic physics. This type of entanglement arises whenever correlated particles are 
produced at the same time and this time is uncertain in the sense of quantum uncertainty, as has 
been largely used in photonics. We discuss its feasibility for electron-hole pairs. In particular, we 
argue that the recently fabricated 2DEG-2DHG junctions, irradiated with a continuous laser, behave 
as "entanglers" for energy-time entanglement. 



Entanglement lies at the heart of quantum mechan- 
ics, whose astonishing features come mainly from it [1]. 
Interest on entanglement has grown, since it was recog- 
nized as a ressource needed to perform tasks that would 
classically be impossible [2] . Correlative to the notion of 
entanglement is the notion of sub-systems: algebraically, 

2 2 4 

®C is equivalent to C , so, if one cannot address 
separately the two sub-systems, one cannot investigate 
entanglement. This is the reason why, although entan- 
gled states arise in every sub-field of quantum physics 
(e.g. the eigenstates of total momentum), it is usually 
an experimental challenge to achieve control over entan- 
glement. After the spectacular results of photonics [3], 
entanglement has recently demonstrated in other physi- 
cal systems [4] . There is a growing list of proposals aimed 
at the observation of entanglement in solid-state physics, 
using quantum dots, Josephson junctions and other de- 
vices. In this Letter we focus on quasi-particles in meso- 
scopic devices. 

Coherent transport of quasi-particles in semi- 
conductors has been widely demonstrated, so one can 
envisage to demonstrate entanglement. A few years ago, 
Burkard and coworkers noticed that electron-electron en- 
tanglement in spin could be detected by measuring cor- 
relation in the current noise [5]. In Ref. [6], the scheme 
was completed with a proposal for an "entangler", that 
is, for a source of spin-entangled electrons: a Cooper pair 
from a superconducting material. Recently, these ideas 
have been extended to entanglement in spatial degrees 
of freedom, for two electrons generated as Cooper pairs 
[7] and for electron- hole pairs in edge states [8]. 

In the present Letter we take a different approach, that 
works in principle for any kind of particles produced in 
pairs. The basic idea is the following: two particles a 
and b are produced at the same, but uncertain, time. 
This quantum uncertainty is within the coherence time of 
the source. The latter is typically a photon from a laser 
beam, called the pump photon, whose well-determined 
energy is shared between the two produced particles. 
Hence the energy and the time of creation of each par- 
ticle are uncertain, but the sum of the energies and the 
difference of the times are well-determined. This form 
of entanglement is known as energy-time entanglement. 



To observe a signature of this entanglement for photon 
pairs, Franson proposed in 1989 a very convenient in- 
terferometer [9], sketched in Fig. 1. Each particle is 
sent through unbalanced interferometers, with the same 
difference between the long (L) and the short (S) arm: 
L a — S a = Lb — Sb = AX. If AX is larger than the 
single-particle coherence lengths £^ b , no single-particle 
interferences will be observed. However, the coherence 
length l c of the pair is usually much larger than . Let 
then 



i P > ax> iy 
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In this case, the alternatives "both particles have taken 
the long arm" (LL) and "both particles have taken the 
short arm" (SS) are indistinguishable and exhibit inter- 
ference fringes; while the two other alternatives, LS and 
SL, are distinguishable because one particle clearly ar- 
rives before the other one to its detector. Thus, in the 
runs in which both particles are detected at the same 
time, an interference pattern is observed that is due to 
the entanglement in energy-time. 

The photonic setup. We start by briefly reviewing 
the photonic setup, that has already been the object of 
successful experiments e.g. [10]. A non-linear crystal is 
pumped by a cw laser with coherence time r c . This coher- 
ence time is defined as usual: the state of the laser light is 
a coherent beam with a fluctuating phase <j>(t) , such that 
4>{t + t) — <f>(t) is a stationary Gaussian process of mean 
value ((/)) = and of variance (<fi 2 ) = 2r/r c . A non- 
linear, purely quantum-mechanical process (parametric 
down-conversion) takes place, that produces a field in 
two initially empty modes a and b, whose wave-vectors 
and polarizations are determined by energy and momen- 
tum conservation. If the intensity of the pump is weak 
enough, the field in a and b consists essentially of a large 
vacuum component (that we neglect) plus a two-photon 
component. In each mode a or 6, we shall write |1,0) 
(resp., |0, 1)) for one photon propagating along a hori- 
zontal (resp. vertical) direction in Fig. 1. The state of 
the down-converted field can be written as a superposi- 
tion of two-photon fields produced at any time t: 
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where A is proportional to the power of the laser and 
the efficiency of the down-conversion process. The states 
|l t ,0) ab can be seen as an over-complete set; the over- 
lap (l t ,0|li',0) a b decreases rapidly function of 
\t — t'\/r^' b , where r"' fc are the single-photon coherence 
time. As we discussed, in our experiment this time is 
much shorter than the other times involved (At, r c ). 

The state (2) can be seen as a continuous version of the 
maximally entangled state of two ci-dimensional quantum 
systems, indexed by the parameter t. Franson's setup is 
a way of partially detecting this entanglement, by projec- 
tion onto a two-dimensional subspace and post-selection. 
The evolution of mode a in the unbalanced interferometer 
— the beam-splitters are 50-50 couplers — is 



|l t ,0) o — >|l t ,0) o + i|0,l t ) o + 
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where we have omitted a global factor \ and have re- 
defined the origin of time to take into account the propa- 
gation from the source. The evolution of mode b is iden- 
tical, with a phase (3 instead of a. 

The two-photon state at the detection stage is obtained 
by replacing the evolved state into (2): it is a sum of six- 
teen basic kets. We focus on a pair of detectors, say the 
two detectors labelled + in Fig. 1. This means that we 
project onto the four kets of the form |1, 0)J1, 0) h , that 
we write for conciseness |1; 1): 
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The two first terms correspond to the cases where the two 
photons arrive at the same time in the detectors (paths 
SS and LL in Fig. 1); because of the invariance through 
translation in time, these two cases are indistinguishable, 
and interfere. We can rc-writc these two first terms as 
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The third term is the case where photon b is delayed by 
At with respect to photon a (path SL), and the fourth 
term is the opposite case (path LS). These last two cases 
are in principle distinguishable from the others, so they 
don't contribute to any interference [11]. It is a different 
matter of course to distinguish them in practice. So, a 
priori we have to consider two possible outcomes of the 
experiment: if one can select only the interfering cases, 
the detection rate is [12] 



= P++II 2 « l + e ~ cos(a + /3); 



(6) 



recalling that the visibility V is defined by R cx 1+V cos 9 

At 

for a sinusoidal fringe, we find V = e ^ w 1. If one 
cannot select only the interfering cases, the visibility of 



the observed interference fringes will be reduced down to 
V w \, since one has 



R(++) = ||*++|| 2 cx 2+ e~- cos(a + f3). 



(7) 



In optics, for typical coherence times and jitters of the 
detectors, one can select only those cases where the pho- 
tons arrive at the same time; that's how V w 1 has been 
reached and the Bell inequality could be violated [10]. 

The proposal: overview. We can now turn to the main 
goal of this paper: a proposal for the production and de- 
tection of energy-time entangled quasi-particles in meso- 
scopic physics [13]. Specifically, wc consider electron- 
hole pairs produced in semiconductor junctions illumi- 
nated by a laser. A low intensity cw laser with coher- 
ence time r c illuminates a junction, producing electron- 
hole pairs. When the electron and the hole do not re- 
combine, they will be accelerated out of the junction in 
opposite directions. Once produced, each quasi-particle 
travels in a semi-conductor structure, tailored for single- 
mode coherent transport of the electron [14] or the hole 
[15]: typically, a two-dimensional electron or hole gaz, 
noted respectively 2DEG and 2DHG. The unbalanced 
Mach-Zchndcr interferometer is engineered in the semi- 
conductor, in the form of an asymmetric loop, where 
the phase between the two arms can be varied using the 
Aharonov-Bohm effect [16]. The two paths are then re- 
combined and split again, each ending in a detector. The 
rest of the paper is devoted to a detailed analysis of the 
three parts of the setup: entangler (preparation), inter- 
ferometer (evolution), and detectors (measurement). 

The entangler. A standard bulk p-n junction is most 
probably not an entangler: because of the massive dop- 
ing, the motion of the quasi-particles in the device is 
in principle diffusive rather then ballistic, implying that 
quantum phase coherence is lost even before reaching the 
interferometers. Even if this description was too pes- 
simistic, one should bother about the interfaces between 
the bulk and the 2D-gases. Fortunately, there is an el- 
egant way of by-passing both obstacles: by creating a 
junction between a 2DEG and a 2DHG, the source is just 
the interface, the interferometer can be engineered in the 
same materials and the whole motion can be ballistic. 
The first 2DEG-2DHG junction has been fabricated very 
recently in AlGaAs/GaAs heterostructures [17] according 
to the scheme that we reproduce in Fig. 2. The full un- 
derstanding of the physics of such junctions and the op- 
timization of the parameters will need further work [18]. 
But there is no fundamental objection to considering a 
2DEG-2DHG irradiated by a laser behave as an entangler 
to generate electron-hole pairs entangled in energy-time. 
Even more, this goal may be a strong motivation to boost 
technical improvements. Finally note that p-n junctions 
have also been fabricated in another material exhibiting 
ballistic transport, namely carbon nanotubes [19]. These 
can also be candidates as entanglers. 
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The interferometer. From now on, we shall use for nu- 
merical estimates typical values for electrons, extracted 
from Ref. [20] . One must not forget that holes often have 
smaller mobilities in these structures, so the figures may 
not apply to one half of the interferometer — but the 
principles of the analysis do apply. In the forthcoming 
discussion, we shift when convenient from "lengths" I to 
"times" r, the link being provided by t = vpT where 
vp is the Fermi velocity in a 2DEG or 2DHG, typically 
vp ~ 3 x 10 7 cm/s. In the optical experiment, we intro- 
duced the requirement (1) on AL for the Franson interfer- 
ometer to show two-particle interferences. In the present 
proposal, it is trivial to have the coherence length of the 
pair l c exceed all the other meaningful lengths, since l c 
is determined by the coherence time of the pump laser, 
and cw lasers easily have a coherence time of tens of 
nanoseconds. However, here we must meet an additional 
constraint due to the role of the environment. While 
photons essentially do not couple to the environment, 
electrons and holes propagating in semi-conductors in- 
teract strongly, especially with the other quasi-particles. 
Because of this coupling, some which-path information 
is transferred out of the system under study, whose co- 
herence is thus decreased. So the size of each interferom- 
eter must not be too big: for both electrons and holes, 
L+S should be much smaller than L v , a phase-relaxation 
length that characterizes the coupling with the environ- 
ment. Since (at least in principle) the S path can be made 
arbitrarily short we have L + S ss AL, and we can sum- 
marize our present requirements as L^ h > AL e ' h > £%' h . 
Confident in the precision of semiconductor manufactur- 
ing techniques, we admit that this requirement holds if 
and only if L e ^ h » if' 1 , that is, if 

T* h » T e c ' h . (8) 

We focus on the electron, the analog holds for the hole. 

We want to show that (8) can be fulfilled if the elec- 
tron is injected into the 2DEG close enough to the Fermi 
level. Refer to Fig. 2 (c). The electron is injected into 
the 2DEG with an energy E = ep + Ae, where ep is the 
Fermi energy of the 2DEG, typically some 0.1 eV [20]. 
Since the main relaxation mechanism will be e-e inelastic 
scattering, the phase-relaxation time is t v <~ hep/Ae 2 
[21]. For instance, if the electron is injected into the 
2DEG with Ae = -^e F ~ 10~ 3 eV, then we obtain 
~ 100 ps, in good agreement with the observed val- 
ues of L e ' h , that are typically some 10 /jm (sec [15] and 
refs therein). The single-particle coherence time can be 
estimated by <~ ^g, where AE is the uncertainty 
in the electron kinetic energy. In Fig. 2 (c), one sees 
clearly that this uncertainty is determined by the rela- 
tion between the steepness 4>' = ^(x — 0) of the built-in 
potential and the width w of the laser spot. In par- 
ticular, AE < (Ae) max w e<f)'w 7 this being the largest 
value of Ae. From the expressions of and t% , one de- 



rives immediately that condition (8) holds if and only if 
(Ae) max << ep, and this can in principle be achieved by 
decreasing </>' (junction engineering) or w (laser focusing). 

Condition (8) being possible, the calculation of the 
two-particle interference pattern goes along the same 
lines as for the optical implementation [22], adding the 
presence of different environments. Following the ap- 
proach of Stern et al. [23], we write \e e L ), |e|), |e£) and 
| e^) the four environments associated to the paths, where 
L, S stand for Long and Short, and e, h stand for electron 
and hole. The evolution of the electron state, replacing 
(3), is then 

|l t ,0) e ^(|l t ,0) e + i|0,l t ) e )|e|) + 

+ (*e M |0,l t+At ) e - e* a \l t+At ,0) e )\ei) (9) 

and a similar evolution for the hole. In the interfering 
terms |^++), the term into brackets in eq. (5) is replaced 
by 

e Mt) \e e s )\e h s ) + e i ( a+0+ ^ t - At »\e e L )\e>l) (10) 

and finally the visibility is reduced with respect to the 
analogous optical visibility as 

V e - h = V opt \{e%\el)\\{e h s \e h L )\. (11) 

The phase-relaxation length that we introduced above is 
related to the expressions in (11), in the simplest case 
[23], through \(e x s \e x L )\ = e - {L * +s * )/L « for both x = e,h. 

The detectors. A convenient detection scheme should 
use the observables of mesoscopic physics, that are 
current-correlation measurements [24]. We can consider 
that the detector for the electron, resp. the hole, is a 
metal reservoir biased with a voltage — V, resp. +V. If 
the temperature is small enough (kT « \eV\), no elec- 
tron (hole) can be injected from the reservoirs into the 
semiconductor. The situation becomes then analog to 
those studied in Refs. [5-8]: entanglement can be de- 
tected by measuring the zero-frequency current cross- 
correlator. Since this detection scheme is not time- 
resolved, it leads to (7) with the correction (11). We 
want to conclude by addressing the question of time- 
resolved detection, that is, the hope of observing the 
analog of (6). Typical for energy-time entanglement is 
the presence of two meaningful timescales at the detec- 
tion. The first, standard one, comes from the fact that 
want at most a single electron-hole pair to be produced 
per coherence time of the pump r c . This timescale de- 
termines the current: taking t c ~ 1 ns, large enough 
to ensure t c » r^ h ~ 100 ps, one expects a current 
at detection of some 100 pA. The second timescale de- 
termines whether one can discriminate the interfering 
cases from the non-interfering ones. Explicitly, a time 
resolution for the single-electron (-hole) measurement of 
Tmeas < AL/vp ~ 10 ps is needed to enter the regime 
V > \ (6). Both time-resolution and sensitivity are in 
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principle achievable using single-electron transistors as 
detectors [25]. But very fast measurements introduce 
unwanted excitations that may hide the signal; more- 
over, T meas > r^' h must hold in order to detect the 
quasi-particles. Anyway, V ph \ would already be a fair 
demonstration of entanglement, because the origin of this 
reduced visibility in a Franson setup is well understood. 

In conclusion, we have argued that energy-time en- 
tanglement of quasi-particles can be observed. The 
task is challenging, but the goal seems within reach 
with present-day technology. 2DEG-2DHG junctions are 
promising candidates as entanglers for energy-time en- 
tangled electron-hole pairs. 
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FIG. 1. The Franson interferometer, drawn for photonics. 
Grey segments are 50-50 couplers, a and f3 are dephasing el- 
ements (small delays). The difference between the two arms 
on each side, AL = L — S, must satisfy requirement (1). 
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FIG. 2. Qualitative description of the 2DEG-2DHG junc- 
tion, (a) The design. (b,b') The gap along the vertical axis, 
(c) Schematic description of the junction and of its behavior 
when irradiated with a laser spot (grey area). 



4 



5 



